THE GENETIC COMPONENTS OF VARIANCE

A SUMMARY OF NOTATION AND PROPERTIES

Genotype ‘ A1A7 A1Ay Al A
Frequency p° 2pq ¢
Genotypic value 11 12 22

Additive genotypic value | 2a; a3 +as 2a9

LEAST SQUARES ESTIMATES FOR a7 AND o

The objective is to find values for oy and ag that minimize the following function:
f=p[r1 = 200)* + 2pglera — (a1 + a2)]* + ¢*[z22 — 200)° (1)

To do this we take the partial derivative of f with respect to both a1 and ag, set the resulting
pair of equations equal to zero, and solve for oy and ap.!

(’)% = p*{2[z11 — 201][-2]} + 2pg{2[z12 — (a1 + a2)][-1]}
= —4p?[x11 — 201] — Apglr1e — (0 + a2)]

o (2)
Bay — ¢ 12le22 = 200][=20} + 2pq{2[12 — (a1 + a2)][- 1]}

= —4q°[r22 — 200] — Apgla12 — (a1 + )]
Thus, 5L = 2L = 0 if and only if

' Do
p (11 — 201) + pg(12 — a1 — ag) =0 3)

¢ (w22 — 209) + pq(a12 — 01 — @) =0
Adding the equations in (3) we obtain (after a little bit of rearrangement)
[P2211 + 2pqr12 + o] — [p(2a1) + 2pg(ar + a2) + ¢*(202)] =0 . (4)

Now the first term in square brackets is just the mean phenotype in the population, . Thus,
we can rewrite (4) as:
T = 2p%a1 + 2pq(a1 + ao) + 2¢%ag
= 2pa1(p + q) + 2q02(p + q) : (5)
= 2(pa1 + qa2)
Now divide the first equation in (3) by p and the second by g.

p(r11 — 20q) + q(z12 — a1 —ag) =0
q(r22 — 2a2) + p(x12 — 1 —a2) =0

(6)

We won’t bother with proving that the resulting estimates produce the minimum possible
value of f. Just take my word for it.
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Thus,
pr11 + qri2 = 2paq + qaq + qan
= a1(p+q) + paq + qae

= o1 + par + qaz )
=] +3/2

a1 = pri1 + qri2 — /2 (8)

Similarly,
PT12 + qr2 = 2qa + paq + pas

= aa(p + q) + pa1 + qaz ©)
= a2 + pag + qag
= a9 + :f/2

a9 = pri12 + qro — /2 (10)

COMPONENTS OF THE GENETIC VARIANCE
Vg = plenn — 27 + 2pgleiz — 27 + ¢*[wae — 2)°
= p?lr11 — 201 + 201 — 7] + 2pglr12 — (a1 + az2) + (a1 + ag) — 7)?
+ Plxr — 209 4 209 — 7]
= p*lann — 200 + 2pglr1z — (a1 + 02)]* + ¢*w22 — 202)° (11)
+p*[2a1 — 7)* + 2pg[(ar + a2) — 7] + ¢*[2a0 — 7]
+ p2[2(x11 — 201) (201 — )] + 2pq[2(z12 — {1 + ag})({or + az} — 7))
+ ¢?[2(x92 — 200) (2000 — T)]

There are two terms in (11) that have a biological (or at least a quantitative genetic)
interpretation. The term on the first line of the last equation is the average squared deviation
between the genotypic value and the additive genotypic value. It will be zero only if the
effects of the alleles can be decomposed into strictly additive components, i.e., only if the
heterozygote is exactly intermediate. Thus, it is a measure of how much variation is due to
non-additivity (dominance) of allelic effects. In short, the dominance genetic variance, Vy,
is

V= p2 [1’11 — 2041]2 + 2pq[:1:12 — (Ozl + 042)]2 + q2 [l‘gg — 2@2]2 . (12)

Similarly, the term on the second line of the last equation in (11) is the average squared
deviation between the additive genotypic value and the mean genotypic value in the popu-
lation. Thus, it is a measure of how much variation is due to differences between genotypes
in their additive genotype. In short, the additive genetic variance, V,, is

Vo = p*[201 — 22 + 2pgl(en + ag) — 72 + ¢*[200 — 2% . (13)

What about the terms on the third and fourth lines of the last equation in (11)? Well, they
can be rearranged as follows:
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P22(x11 — 200) (200 — T)] + 2pq[2(z12 — {01 + a2}) ({1 + a} — T)]
+ ¢*[2(x92 — 209) (2000 — T)]
= 2p%(z11 — 201) (201 — T) + dpg[r12 — (01 + a2)][(a1 + ag) — Z)]
+ 2¢* (292 — 209) (203 — T)
= 4p?*(z11 — 201) [ — (paqg + qaz)] (14)
+4pg[z12 — (a1 + a2)][(1 + a2) — 2(poy + ga2)]
+ 4¢% (292 — 209)[ova — (pay + qaro)]
= 4plag — (pa1 + qaz)][p(r11 — 201) + q(212 — {a1 + az})]
+ 4qlag — (par + qaz)][p(z11 — 200)p + (@12 — {a1 + a2})]
=0
Where we have used the identities T = 2(pa; + gae) [see (5)] and
p(r11 —201) + q(r12 — a1 —az) =0
q(r22 — 202) + p(r12 — 1 — ) = 0

[see (6)]. In short, we have now shown that the total genotypic variance in the population,
Vy, can be subdivided into two components—the additive genetic variance, V;, and the
dominance genetic variance, V. Specifically,

‘/g = Va + Vd 5
where Vj is given by the first line of (11), V, by (13), and Vg by (12).

AN ALTERNATIVE EXPRESSION FOR V,

Vo = p*(201)* + 2pg(an + a2)® + ¢*(202)* — 4(pon + qan)?
= 4p*af + 2pg(an1 + an)? + 4¢%a3 — 4(p°ef + 2pgaran + ¢*a3)
= 2pq[(a1 + as)? — 4o as]
= 2pq[(oz% + 2a1 00 + a%) — dagag] (15)
= 2pqglaf — 20102 + 03]
= 2pqlar — ag?
= 2pga’

CALCULATING THE GENETIC VARIANCE WITH KNOWN GENOTYPES

Genotype A1 A} A1Ay AsAs

Phenotype 0 1 9 } —> additive phenotype
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For p=0.4
Z = (0.4)%(0) + 2(0.4)(0.6)(1) + (0.6)(2)

=1.20

a1 = (0.4)(0) + (0.6)(1) — (1.20)/2
= 0.0

as = (0.4)(1) + (0.6)(2) — (1.20)/2
=1.0

Vy = (0.4)%(0 — 1.20)* 4 2(0.4)(0.6)(1 — 1.20)* + (0.6)*(2 — 1.20)?

—0.48

Vo = (0.4)%[2(0.0) — 1.20]% 4 2(0.4)(0.6)[(0.0 4 1.0) — 1.20]* 4 (0.6)[2(1.0) — 1.20]?
—0.48

Vi = (0.4)2[0 — 2(0.0)]? + 2(0.4)(0.6)[1 — (0.0 + 1.0)]? + (0.6)%]2 — 2(1.0)]?
= 0.00

For p=10.2, 2 = 1.60, V, =V, = 0.32, V; = 0.00. You should verify for yourself that ay =0
and as = 1 for p = 0.2. If you are ambitious, you could try to prove that a; = 0 and ap =1
for any allele frequency.

Genotype AjA; A1Ay AsA,

Phenotype 0 0.8 9 } = A; partially dominant

Forp=10.4

7 =(0.4)%(0) 4 2(0.4)(0.6)(0.8) + (0.6)%(2)

=1.104

a1 =(0.4)(0) + (0.6)(0.8) — (1.104) /2
=—0.072

ay =(0.4)(0.8) + (0.6)(2) — (1.104) /2
—0.968

V, = (0.4)%(0 — 1.104)% + 2(0.4)(0.6) (1 — 1.104) + (0.6)%(2 — 1.104)?
— 0.5284
Vo = (0.4)%[2(=0.072) — 1.104]* + 2(0.4)(0.6)[(—0.072 4 0.968) — 1.104]>
+ (0.6)%[2(0.968) — 1.104]
= 0.5192
Vy = (0.4)2[0 — 2(—0.072)]% + 2(0.4)(0.6)[0.8 — (—0.072 + 0.968)]?
+(0.6)2[2 — 2(0.968)]?
— 0.0092
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To test your understanding, it would probably be useful to calculate =, a1, ag, V,, V,, and
V,; for one or two other allele frequencies, say p = 0.2 and p = 0.8. Is it still true that o and
ag are independent of allele frequencies? If you are really ambitious you could try to prove
that ay and ag are independent of allele frequencies if and only if 212 = (211 + x12)/2, i.e.,
when heterozygotes are exactly intermediatef.
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